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Abstract. We show that there exists a morphism between a group T alg introduced by G. 
Wilson and a quotient of the group of tame symplectic automorphisms of the path algebra of 
a quiver introduced by Bielawski and Pidstrygach. The latter is known to act transitively on 
the phase space C n ,2 of the Gibbons-Hermsen integrable system of rank 2, and we prove that 
for every pair of points in the regular and semisimple locus of C„ } 2 we can find an element in 
palg mapping the two points into each other. 

1. Introduction 

Let n and r be two positive natural numbers and denote by Mat„ !r (C) the complex vector 
space ofnxr matrices with entries in C. The space 

V n , r := Mat„,„(C) © Mat„,„(C) © Mat„ >r (C) © Mat r ,„(C) 



Or 



can be viewed (using the identifications provided by the trace form) as the cotangent bundle of 
the vector space Mat n! „(C) ©Mat„. r (C), thus it comes equipped with the canonical holomorphic 
symplectic form 

(1) lo(X,Y,v,w) =Tr(dX AdY + dv Adw) 
The group GL„(C) acts on V n>r by 

(2) g.(X,Y,v,w) = (gXg-^gYg-^gv^g- 1 ) 

This action is Hamiltonian, and the corresponding moment map /i: V n _ r — > gt n (C) is 

(3) n(X,Y,v,w) = [X,Y]+vw 

For every complex number r 7^ the action of GL„(C) on jj, (rl) is free, hence we can perform 
the symplectic quotient 

(4) C n>r :=/i- 1 (r/)/GL n (C) 

This family of smooth, irreducible affine algebraic varieties plays an important role in various 
fields. They are examples of Nakajima quiver varieties [5], and they also arise in the work of 
Nekrasov and Schwarz [5] on the moduli space of instantons on a non-commutative R 4 . Finally, 
and most importantly from the perspective of the present work, they can be seen as a completion 
of the phase space of a family of integrable systems that generalize the well-known rational 
Calogero-Moser model. 

1.1. The Gibbons-Hermsen system. Let us briefly remind here the definition of this inte- 
grable system as it was introduced by Gibbons and Hermsen in the paper [5 . Just like the 
(complexified) Calogero-Moser model, the system describes the motion of n point particles in 
the complex plane interacting with a potential proportional to the second inverse power of the 
mutual distance between the particles. In addition to the Calogero-Moser case, however, each 
particle is endowed with some additional "internal" degrees of freedom, parametrized by a vector 
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Vi in an auxiliary vector space V ~ C r and by its canonical conjugate & in the dual space V*. 
The Hamiltonian of the system is given by 

i— 1 «J=1 

For each particle i there is the constraint ^(Uj) = —1 (notice that these quantities are constants 
of the motion); moreover, two pairs and (?4,£ z ') are considered equivalent if vi = Xv[ and 

= A -1 ^ for some A G C*. When r = 1 these requirements completely hx the additional 
degrees of freedom and we recover the classic rational Calogero Moser system. 

As it was proved by Gibbons and Hermsen, the Hamiltonian system described above is com- 
pletely integrable and its phase space can be identified with the manifold C n ^ r . Let us explain 
shortly how goes the proof of the complete integrability. Consider, for each k G N and a G jjl r (C), 
the following function on the space V n y. 

(6) J kta = r TrY k vaw 

These functions are invariant with respect to the action (0) , so that they descend to well defined 
functions on the quotient space C n ^ r . The Hamiltonian ([5]) coincides, up to scalar multiples, with 
J2J] the corresponding equations of motion are 

X = Y k ~ 1 vaw + Y k ~ 2 vawY H vawY^ 1 

Y = 

v = Y k va 

w = —awY 

where A = =4. From this we can deduce that the Gibbons- Hermsen flows are complete. In 
fact, since Y is constant, the equations for v and w are linear with constant coefficients. This 
implies that the solutions of the last two equations are linear combinations of polynomials and 
exponentials, forcing the solution of the first equation to be of the same form. 
The Poisson brackets defined by the symplectic form (fTJ) are given by 

(7) {Xij,Y k e} — SjkSu and {wy , wu} = Sjk&U 

all the others being equal to zero. Then a short calculation shows that the Poisson bracket 
between two functions of the form (O is 

(8) {Jm,a, Jl,ff} = Jm+£,[a,/3] 

where [•, ■] is the matrix commutator. Notice that these are the same relations holding in the Lie 
algebra of polynomial loops in gl r (C): explicitly, the correspondence is given by 

(9) J fc , Q «-> z k a 

From ([S]) follows in particular that { J m ,a, Je,p} = if and only if [a, [3] — 0. It is then possible to 
find among the functions (JB]) a total of nr independent and mutually commuting first integrals 
(e.g. by taking 1 < k < n and matrices a spanning the space of diagonal r x r matrices). These 
results imply the complete integrability of the Gibbons-Hermsen system. 

1.2. Some reminder about symplectic non-commutative geometry. In [3], Bielawski 
and Pidstrygach study the varieties (0]) in the case r = 2 using the methods of non-commutative 
symplectic geometry [51 2] , starting from the quiver 



(10) Qbp = a Q'i 
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Let A :— CQ BP , the path algebra of the double of Qbp- Denote by TAut(^4;c) the group 
of (tame) non- commutative symplectomorphisms of this algebra (see Definition [3] in the next 
Section). One of the main results of [3] is that this group acts transitively on C n .2- This is to 
be compared with the well-known result for the case r = 1, first obtained by Berest and Wilson 
in [2J, according to which the group of automorphisms of the first Weyl algebra A\ (which can 
be seen as the group of non-commutative symplectomorphisms of CQ Q , where Q Q is the quiver 
with one vertex and one loop) acts transitively on the Calogero-Moser varieties C n> x- 

Now let r be the group of holomorphic maps C — > GL r (C) modulo its subgroup C*I r of scalar 
multiples of the identity. Define 

(11) r alg :=r^ s x PGL r (C[z]) 

where r a ' g is the subgroup of T consisting of maps of the form e p I r for some polynomial p G zC[z] 
and PGL r (C[z]) is seen as a subgroup of T in the obvious manner. The group (fTTj) was introduced 
by Wilson in the unpublished notes [12 for the following reason. 

Let B\ denote the localization of the Weyl algebra A\ with respect to nonzero polynomials. 
It is known from [JJ that the disjoint union over n of the manifolds C Hir parametrizes isomor- 
phism classes of a certain kind of right sub-Ai-modules in. B\ = B% x • ■ • x B\ (r times). This 
suggests that there should be an action of (possibly some subgroup of) the automorphism group 
of Mat r r (Ai) on these manifolds. Now let Af n D A\ denote the larger algebra of differential op- 
erators on C with entire coefficients. For every 7 G T, the map D h4 jD^ 1 is an automorphism 
of the matrix algebra Mat rjI .(A" n ), and Wilson proves in [TJ] that the group (fTTj) is exactly the 
subgroup of r that preserves the subalgebra Mat r , r (yli). Hence T alg can actually be seen as a 
subgroup in Aut M&t r , r (Ai). 

1.3. The main results of this note. Given the above, it is natural to ask if there is a relation 
between Wilson's group (|TT|) for r = 2 and the group TAut(A; c) considered by Bielawski and 
Pidstrygach. The aim of this note is to prove the following: 

Theorem 1. When r = 2 there is a morphism of groups 

(12) i: T alg -> PTAut(A;c) 

where PTAut(yl;c) is the quotient o/TAut(A;c) by the subgroup of scalar affine symplectic au- 
tomorphisms (whose action on C n ,2 is trivial, see Remark]]] below). 

The map i is not surjective, hence we cannot conclude from the above result that r alg also acts 
transitively on C n _2- However, we show the following. Let TZ n ^ be the subvariety of C n ^. consisting 
of quadruples {X, Y, v, w) such that either X or Y is regular semisimple (i.e., diagonalizable with 
distinct eigenvalues) and let V be the subgroup of PTAut(A; c) generated by the image of % and 
the single symplectomorphism J 7 defined by 

(13) T{a, a*,x, x*,y, y*) := (-a*, a, -y*, y, -x*,x) 
Then 

Theorem 2. For every pair of points £1,^2 of the variety TZ Ht 2 there exists an element of the 
group V which maps £1 into £2- 

Here TZ n ,2 should be seen as the rank 2 version of the analogue subvariety of the Calogero- 
Moser space consisting of "collision-free" points, i.e. those points for which there is no pair of 
particles having the same position and momentum. 
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2. Preliminaries 

For the remainder of this paper, r will be fixed and equal to 2. In this noticed in [3], 

we can obtain the manifold C n , 2 defined by ((4]) starting from the space of representations of the 
double Q BP of the quiver (I10[) . in the following manner. 

Let us denote by Rep(Q BP , (n, 1)) the complex vector space of linear representations of Q BP 
with dimension vector (n, 1). A point in this space is a 6-tuple (A, B, X\, X2, Y\, Y2) consisting 
of two n x n matrices, two wxl matrices and two lxn matrices that represent, respectively, 
the arrows a, a*, x, y*, y and x* in Q BP . This space is in bijection with V n ^2 via the following 
map: 

(14) A H> X B ^fY Xi H> v.i X 2 ^ -v.2 Yi ^ w 2 . Y 2 (->• w lm 

where by v,i we denote the i-th column of the n x 2 matrix v, and similarly by Wj, we denote 
the j-th row of the 2 x n matrix w. 

On the space Rep(Q BP , (n, 1)) there is a natural action of the group 

G (n ,i) - (GL„(C) x GLi(C))/C* ~ GL„(C) 

(where C* is seen as the subgroup of pairs of the form (XI n , A) for some A s C*) by change of 
basis. This action is Hamiltonian, with moment map given by 

(15) v(A,B,Xi,X 2 ,Y u Y 2 ) = ([A,B]+X 1 Y 2 -X 2 Y 1 ,Y 1 X 2 -Y 2 X 1 ) e fl(n(1) 

It is easy to verify that, under the bijection (LTi|) . this action of on Rep(Q BP , (n, 1)) 

precisely coincides with the action of GL„(C) on V n ,2 given by ©. Finally, by comparing the 
two moment maps ([3]) and (|15L we conclude that C n}2 is exactly the same as the symplectic 
quotient /^ _1 (C')/G(„. 1 ), where O denotes the coadjoint orbit of the point (r/ n , —nr) G Q( n ,i)- 

As in the Introduction, we let A stand for the path algebra CQ BP of Q BP ; it is a non- 
commutative algebra over the ring C 2 generated by the two idempotents e\ and e 2 corresponding 
to the trivial paths at 1 and 2, respectively. For every p 6 A we denote by Aut(^4;p) the subgroup 
of Aut A that fixes p. In particular we will be interested in Aut(A; c), where 

c := [a, a*} + [x,x*] + [y,y*] 

Definition 1. Following Ginzburg [B], we will call Aut(A;c) the group of non-commutative 
symplectic automorphisms of A. 

In what follows, we will be interested to the following class of elements of Aut (A; c). 

Definition 2. An automorphism of A will be called: 

• strictly triangular if it fixes the arrows of Q BP (i.e. a, x and y); 

• strictly op-triangular if it fixes the arrows of Q BP (i.e. a*, x* , y*). 

An explicit description of strictly triangular symplectic automorphisms of CQ BP is derived in 
[3] . Namely, let F 2 be the free algebra on two generators over C and define 

(16) L2 = C+£,F 2 ] 

as a quotient of complex vector spaces. Call a and b (the image in L2 of) the two generators 
of F 2 . Then to every / £ L2 we can associate the automorphism A(/) £ Aut A defined on the 
generators of A by 

(17) {x^x {x*^x*+y^ 
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where the substitution b = xy is understood and the maps 

< 18 > k-b' 1 --* 

are the "necklace derivations" defined e.g. in [HI H] • Explicitly, they act as usual derivation, 
except that the letters in a necklace word must be cyclically permuted in order to always bring 
the cancelled letter at the front. 

Example 1. Let f\ = aab and /a = aaab. Then 

d d 

T^~fi = ab + 6a, and — /2 = aab + aba + baa 
da da 



More generally 



^-(a n b) = a n -H + a n - 2 ba + ■■■ + aba! 1 -' 1 + baJ' 
da 



Notice that the result lives in F%, not in L2; in particular it is not a necklace word, but a 
genuine word in the generators. 

Theorem 3 (Prop. 7.2 in [3]). Every A(f) is symplectic, and every symplectic automorphism 
that fixes a, x and y lies in the image of A. 

A completely analogous description holds for strictly op-triangular symplectic automorphisms. 
Indeed, let denote the same vector space (ffl))) . but call now a* and b* (the image of) the two 
generators of F%. For every / £ Lji let A'(/) be the strictly op-triangular automorphism of A 
defined by 

a 1— > a + j?4r 

9a* 



a h> a 
x* h-> x* 

(y* >-> y* 

where b* — y*x* . We claim that every A'(/) is symplectic, and every symplectic automorphisms 
of A that fixes a*, x* and y* is of this form. This can easily be proved by recycling exactly 
the same arguments used in [3] to prove Theorem [3] Alternatively, it is easy to verify that an 
automorphism ip is strictly triangular if and only if the automorphism J- o ip o is strictly 
op-triangular, where T is the symplectic automorphism defined by (|13[) . Thus we could simply 
define 

(19) A'(/(a*, b*)) = T o A(-f(a, b)) o T- 1 

Another subgroup of Aut A easy to deal with is provided by the affune automorphisms of the 
algebra A. Again, a very explicit description of the symplectic ones is available: they are 
completely specified by a pair (A, T) where A is an element of C 2 xi SL2 (C) (the group of 
unimodular affine transformation of C 2 ) acting on the subspace spanned by a and a*, and T is 
an element of GL2(C) acting as follows on the subspace spanned by x, x* , y and y*\ 



(20) 



Following [3], we denote by Aff c the subgroup consisting of these affine symplectic automor- 
phisms. 

Definition 3. The group of tame symplectic automorphisms of A, denoted TAut(A;c), is 
the subgroup of Aut ( A; c) generated by strictly triangular and affine symplectic automorphisms. 
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Notice that the automorphism T defined by fTS")) belongs to Aff c ; it corresponds to the pair 
determined by "q 1 ) G SL/2(C) and ( _?i J) G GL^C). It then follows immediately from the 
relation ([TT)| that TAut(^4; c) can also be generated by the strictly op-triangular automorphisms 
and by the affine symplectic ones. 

Remark 1 . Let Z be the subgroup of Aff c consisting of symplectic affine automorphism of the 
form (I,T) where I is the identity of C 2 x SL(2,C) and T belongs to the center of GL 2 (C) 
(i.e. T = XI for some A G C*). Then it is easy to see that the action of such an element on 
C n ,2 is trivial; hence for the purpose of acting on C n ^ we could just as well consider instead of 
TAut(A; c) the slightly smaller group, that we will denote by PTAut(A; c), obtained by replacing 
Aff c with its quotient Aff c jZ. 

An essential role in the sequel will be played by the following result, first proved by Nagao 
in [7] and later rederived in a more general context using the Bass-Serre theory of groups acting 
on graphs [10]. Let K be a field, and denote by 6 2 (K[z]) the Borel subgroup of lower triangular 
matrices in GL2(K[z]) and by £?2(K) the Borel subgroup of lower triangular matrices in GL2(K). 

Theorem 4 (Nagao). The group GL2(K[z]) coincides with the free product with amalgamation 
GL 2 (K)* B2(K)J B 2 (K[z]). 

Suppose now that K = C. Then, as is well known, we have that .62(C) = t^(C) x £>2(C), 
where [/2(C) is the (normal) subgroup of lower unitriangular matrices (— unipotent elements 
in -62(C)) and .02(C) is the subgroup of diagonal matrices. Exactly the same result holds also 
for 62(C[z]): namely, the latter group is isomorphic to the semidirect product of its normal 
subgroup E/2(C[z]) consisting of matrices of the form (p ?) for some p G C[z] (which is in fact 
isomorphic to the abelian group (C[z], +)) and its subgroup of diagonal matrices, which is again 
02(C) ~ C* x C*. It follows that every element of ^(Cfz]) can be uniquely written as a product 
of the form ud with u G [^(Cfz]) and d G .6*2 (C). Since 

(a 0\ (I 0\ (a- 1 \ _ / 1 0\ 

{0 p) [p i)[o ^) - [l p l) 

we see that, abstractly, the action of C* x C* on (C[z], +) defining the above semidirect product 
structure is given by 

(21) {a,0).p=£p 

a 

3. Proof of the results 

Our strategy to prove Theorem Q] is the following. First, we identify the action on C n ,2 of 
some strictly op-triangular automorphism in TAut(A;c) with the action of a unipotent matrix 
of the form ( i ? ) via the flow induced by some particular Hamiltonians of the Gibbons- Hermsen 
system (using Theorem [5] below) . In this way we obtain an embedding of the group L^Cfz]) 
in TAut(A;c) which is easily extended to the whole Borel subgroup i?2(C[z]). The subgroup 
GL2(C) C GL2(C[z]) consisting of invertible scalar matrices can also be embedded in TAut(A; c) 
using affine automorphism acting only on the subspace spanned by x, x* , y and y* . By Theorem 
0]it follows the existence of a morphism of groups k : GL2(C[z]) — > TAut(A; c). Finally we extend 
k to the desired morphism i : T alg ->■ PTAut(A; c). 

An automorphism ip G AutA acts on Rep(Q BP , (n, 1)), hence on C n! 2, in the following way. 
For every arrow r in Qbpi l f{ r ) i s a non-commutative polynomial in the arrows of QbpJ m 
particular we can evaluate it on a point p = (A, B, X\, X2, Y\, I2) (by mapping each arrow to its 
matrix representation), and this gives a matrix ip(r)(p). The action of ip on p is then the point 

(22) (cp(a)(p),<p(a*)(p), <p(x)(p), <p(y')(p)Mv)(p), v(**)(p)) 
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Example 2. If <p is the strictly triangular automorphism A(/) with / = aab then 

df i i ,5/ 

— = ao + ba and — = aa 

oa do 

and the corresponding action is 

if. {A, B,X 1 ,X 2 ,Y 1 ,Y 2 ) = (A,B + AX X Y X + X&A, X U X 2 + A 2 X 1 ,Y 1 ,Y 2 + Y X A 2 ) 

We are now going to prove a result that enables us to identify the action of some Hamil- 
tonians functions on C n ^ 2 with the action of some triangular (or op-triangular) automorphisms 
in TAut(A;c). This correspondence will be established in much more generality than what is 
needed in the sequel, since it may be of independent interest. 

Let us define a linear map H from the complex vector space L 2 defined in (|16[) to the ring of 
regular functions on C„.2 as follows. Any element of L 2 can be written as a linear combination 
of necklace words / = a kl b ix . . . a kn b in with n > 1 and ki , . . . , k n , l\ , . . . , t n £ N not all zero. We 
set 

(23) H(f) := Tr X fel {ve 12 w)^ . . . X k " (ve 12 w) e " 

(where e± 2 := (Jj J)) and extend this position by linearity to the whole of L 2 . Similarly, we can 
define a map H' from LZ, to the ring of regular functions on C n ^ 2 by sending the generic necklace 
word / = a* kl b* ei . . . a * kn b* ln in a* and b* to 

(24) H'(f) := Tr Y kl (ve 21 w) ei . . . Y k " (ve 21 w) e ™ 
where e 2 i := (? g). 

Theorem 5. The action determined by the flow at time 1 of the Hamiltonian function H(f) 
(resp. H'(f)) onC n>2 coincides with the action (|22[) of the automorphism K{— f) (resp. A'(—f)). 

Proof. By a straightforward, if tedious, calculation one can verify that the flow of H(f) is given 
by solving the following system of differential equations: 



(25a) X = 



(25b) Y = - xk, ~ l] (vei 2 w) e i . . . (veuW^-'X^- 1 

n t } 

(25c) v = £ {ve 12 w)^-^X k ^+ 1 ...X k ^ {ve^wf^^ve^ 

3 = 1 *3 =1 

n li 

(25d) w = -e 12 w J2 ( ve ^ w Y 3 ~ t3 Xkj+1 ■ ■ ■ Xk] (ve^wY^ 1 

3=1 «j=l 

where j is understood as a "modulo n" index, i.e. fc n +i = ki, £ n +i — and so on. These 



equations can be easily integrated. Indeed, equation (|25ap and "half" of equations (|25cl) and 
(|25dl) tell us that X, v m % and W2» are constants; then the time derivatives of v m2 , wi, and Y 
involve only these constants, so that the flows are linear in time. Thus the non-trivial part of 
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the flow is given by 

n kj 

(26a) Y(t) =Y-tY / J2 xk3 ^ 3 ( v '^'y 3 •••(v. 1 W2.) ti - 1 X i *- 1 

3=1 i i = 1 
n @j 

(26b) w. a (t) = w.a ^(w.iitfij.)'' - ***" 1 ■ ..^(w.iiua.)^ -1 ".! 

3=1 %=1 

n *j 

(26c) u;i.(t) = Wi. - ttoa. £ £ («.1«>2.) <, ~ <, - X '* ,+1 ■ ••** , («.Hfl2.)*~ 1 

3=1 V=l 

Using the map (ITi|) we can see the above as the following flow on Rep(Q BP , (n, 1)): 
(27a) = A X^t) = X 1 Y x {t) = Y l 

n &j 

(27b) B(t) = B -t^2 A^-'HX^fi . . . (XiYiY'^A**- 1 

3=1 V=l 



(27c) X a (t) = AT 2 - 1 X]( x i y i)^~ ij ^ +1 ■ ■■A k J(X 1 Y 1 ) i *- 1 X 1 

3=1 «j=l 
n 

(27d) F 2 (t) = I2 - tYj. (XiYi)^-** A k * +1 ...A k > (XiY^- 1 

3=1»J=1 

But when t = 1 this is exactly the action of the automorphism A(— /) on a point of C Mi 2, as can 
be easily verified. A completely analogous calculation shows that the same relationship holds in 
the "opposite" case between H'(f) and A'(— /). □ 

Remark 2. The Poisson brackets between the Hamiltonians (|2"31I!M1) are easily calculated in the 
following manner. The vector spaces L2 and L\ can be seen as subspaces of the path algebra 
CQ 8 , where Q% is the quiver with a single vertex and two loops a and b on it. Then the four 
n x n matrices (X, Y, ve\2W, ve2\w) define a point in the representation space Rep(Q 8 , (n)) and 
the maps H and H' are just special instances of the map 

defined by Ginzburg in [BJ. There it is proved that ip is in fact a Lie algebra morphism, so that 
the Poisson bracket between H(f\) and -HX/2) ( or H'(f2)) is simply the image of the necklace 
Lie bracket [/i,/^] under tp. It follows in particular that all the Hamiltonians in the image of 
H Poisson-commute among themselves (and similarly for H')\ however {H(fi), H'(f2)} 7^ in 
general. 

Notice that the usual Hamiltonians ([BJ of the Gibbons- Hermsen system can only give a poly- 
nomial flow on C n ,2 when a is either the identity (in which case Tr Y k vw = rTrF fe , as a 
consequence of the moment map equation [X, Y] + vw = tI) or a nilpotent matrix, which here 
means a multiple of e\2 or e2i- In what follows we will consider in particular the Hamiltonians 
Jk,e 2 i = H'{a* k b*) (but see Remark [3] below). Under the correspondence ([9]), such Hamiltonians 
correspond to matrices of the form z k e\2- The exponential of a linear combination of matrices 
of this kind, 

^PkZ k e 2 i 
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is the lower unitriangular matrix (:n, where p is the polynomial with coefficients p^. Theorem 
[5] then suggests that these elements of GL2(C[z]) should correspond to the op-triangular auto- 
morphisms A'(— p(a*)b*) in TAut(A;c). We are now going to prove Theorem[T]by building the 
morphism i along those lines. 

Proof of Theorem QJ In view of Theorem 2J the hrst goal is to define two morphisms of groups 

ji : GL 2 (C) TAut(A; c) and j 2 : B 2 (C[z]) -> TAut(^4; c) 

that agree on .82(C). We define j\ by sending T S GL2(C) to the affine symplectic automorphism 
determined by the pair (J, T), where / is the identity in C 2 x SL(2, C). To define j'2, notice first 
that the subgroup of TAut(A;c) consisting of strictly op-triangular automorphisms of the form 
A'(— p(a*)b*) for some polynomial p is isomorphic to (C[z], +). Moreover, let d = diag(a,/3) be 
any diagonal matrix in GL2(C); then a simple calculation shows thatQ, for every p s C[z], 

(28) (I, d) ■ A'(-p(o*)6*) • (I, d- 1 ) = A'(--pW) 

a 

This is exactly the action ([2~Tj) defining the semidirect product structure of 82 (C [2:]), hence 
we can define ji as the unique morphism of groups sending a lower unitriangular matrix u = 
(pi) G U2(C[z]) to the automorphism A'(— p(a*)b*) and a diagonal matrix d e Di(<C) to the 
affine automorphism (I,d). 

With these definitions it is immediate to verify that ji agrees with ji on 82(C); then by 
the universal property of amalgamated free products there exists a unique morphism of groups 
k: GL 2 (C[z]) — > TAut(A;c) whose restriction to GL 2 (C), resp. B 2 (C[z]), coincides with j\, 
resp. ji. It is clear that k descend to a well-defined morphism of groups k: PGL2(C[z]) — > 
PTAut(A; c). We extend k to T al s = Tfs x PGL 2 (C[z]) as follows. Let us define a morphism of 
groups j3 : r^. g — > TAut(^4; c) by sending the generic scalar matrix e p I (where p € zC[z\) to the 
automorphism A'(— p(a*)), whose only nontrivial action on the generators is 

d 

(29) a^a- ^—p{a*) 

oa* 

We claim that the intersection of imj'3 and imfc in TAut(A; c) is just the identity. Indeed, every 
element of im k is the composition of affine automorphisms of the form (/, T) and strictly op- 
triangular automorphisms induced by some necklace word / with §L 0. The former ones fix 
a, and the latter ones can only add to it an element that belongs to the ideal generated by x, 
x* , y, y* in A (since affine automorphisms preserve the splitting A = (a, a*) © (x, x* , y, y*)), and 
such a translation is never of the form (|29|) . It is also easy to verify that every element in the 
image of j'3 commutes with every element in the image of k. Thus we can define i by mapping 
T alg to the (internal) direct product of imj'3 and imfc in PTAut(A;c). □ 

Remark 3. The flow determined by a linear combination of the Hamiltonians Jk.e 12 should 
correspond to an upper unitriangular matrix in PGL2(C[z]). Using the equality 

A p\ _ fO 1\ (\ 0\ fO 1 N 



1J \1 OJ \p 1J \1 

one can see that the map i defined above sends such matrices to tame symplectic automorphisms 
of the form 

'a^a+£,(~p(a*)b*) 

* h- > x* — yp(a*) 
y* 1 ^ y* -p(a*)x 



An equation (1286 below we denote composition of automorphisms as tpi ■ <P2, meaning "first apply ipi, then 
1^2" (in contrast to the more usual ip2 <Pi)- 
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which are neither strictly triangular nor strictly op-triangular. 

We now consider the subgroup V of PTAut(A; c) generated by the image of i and the affine 
symplectic automorphism J- defined by (|13[) . Clearly, V acts on C n .i by restriction of the action 
of PTAut(A; c). We don't know whether this action is transitive on the whole of C n ^.\ however, we 
can at least show that it connects any two points of the subset 7?. n .2 defined in the Introduction. 

Proof of Theorem [H Recall from [3] that the strategy to prove the transitivity of the action of 
TAut(^4; c) is first to move every point of C n ^. into the submanifold 

M n := { (X, Y, v, w) £ C n , 2 | v.2 = 0, w 2m = } 

(isomorphic to the Calogero-Moser space), and then use the fact that TAut(A; c) contains a copy 
of the group Gqm = Aut(CQ ; [a, a*]) of symplectic automorphisms of the quiver Q , which 
itself acts transitively on this submanifold. The copy of Gqm inside TAut(v4; c) is generated (cf. 
[5]) exactly by the automorphisms of the form (f2"9"f for some p £ zC[z] together with the single 
affine symplectic automorphism ( ( ° "J ) ,7). All of them belong to V (the latter being simply 
the composition of T with the image under j\ of (i~ 1 )), so the only problem is again to move 
every point of C„ ; 2 into M n using an element of V '. 

Now take a point p = (X,Y, «»a ) , (Jjjj*)) £ Tln.i for which X is not regular semisim- 
ple; then Y must be (otherwise p £ ) and the automorphism J-^ 1 sends p to the point 
(Y, —X, («.2 v.i ) , { w\\ )) whose first entry is regular semisimple. Hence it is enough to prove 
transitivity for points {X, Y, v, w) in which X is regular semisimple. But Lemma 8.4 in [3] says 
exactly that one can map such a point to M n using only automorphisms of the form A(— p(a)b) 
and affine ones of the form (I, T) for some T £ PGL,2(C). Using the relation flT9]) we see that all 
of these automorphisms belong to V, hence the result follows. □ 
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